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THE GENERALIZED METHOD OF BOUNDARY FUNCTIONS FOR THE
LIGHTHILL’S MODEL EQUATION IN CASE OF THE SOLUTION OF
UNPERTURBED EQUATION HAS THE POLE OF THE FIRST ORDER IN THE
REGULAR SPECIAL POINT

Here by the generalized method of boundary function constructed the uniform
approximation for the singular-perturbed Lighthill’s model equation of first order, in case of
the solution of corresponding unperturbed equation has a pole of the first order in a regular
singular point. On the basis of methods of full mathematical induction, methods of
transformations and also generalization of the ideas of methods of structural matching,
methods of uniformization and boundary functions has received a new method of developing
the generalized asymptotic approximation of Poincare. This article considered the Lighthill s
model equation with the new statement of Cauchy’s problem, which is more general, than a
method of boundary function. The results of this work may be applied in mechanics of liquids
and gases, quantum mechanics.

Key words: asymptotic series, the singularly perturbed equation, the regular singular
point, method of boundary functions, method of uniformization, method of structural
matching, method of mathematical induction.
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d
(x+gu(x))¥:—q(x)u(x)+r(x), u(1)=b, (1) rae 0< & — manbiii mapamerp, 0< x<1 —

He3aBUCHMas IEpEMEHHA, b — W3BeCTHAs TOCTOsIHHA, (] (X), r (X) eC”[0,1] -

HanuTH4eckue QyHkuu Ha oTpeske [0;1], U ( X) — uckomast QyHKIUs. [1J1si HEBO3MYIIICHHOTO

ypasuenus (1), tne £ =0: LU, (X) = Xdud—(xx) + q(x)uo (X) = r(x), U, (1) =D, (2) Touka
X =0 sBIAETCS pEryaspHON 0COO0N TOYKOM.

e Brepseie 3amaua (1) mocraBnena JlaiiTxuimom [1], 1enpro KOTOpOW sIBIsieTCS
MIOCTPOCHUE NMapaMETPUUECKOT0 MPEACTaBICHUS 3TON 3a/a4H, BIIOCJIEICTBUM HA3BaHHBI €ro
UMEHEeM. DTOT METOJl MCCIEeJOBaH MHOIMMHM MaTeMaTuKamH, TakuMu kKak: B. Baszos, K.
Kowmcrok, K. Takaxacu, M. [Iputyno, K. AnsiMkynoBeM 1 ap.[2-5].

e Cmywail ¢ momocamu mepBoro [6-7], BToporo [8],rpeTsero [9] u 1emoro mopsaKoB
[10] mns ypaBHenus (1) ¢ HadalnbHBIMH YCIOBHMSIMU (2) B perymsapHoil 0coOoil Touke
paccmotpensl K. AJTBIMKYIOBBIM 1 A. XaJaIMaTOBBIM METOIOM NOTpaH GyH KIUH. A Takke, s
cilydast ¢ Jiorapu(MUYECKUM pPOCTOM OBLIO IOCTPOCHO ACUMITOTHYECKOE pa3loKeHue
0000IEHHBIM METO/I0M NorpaH GyHkuui [11].

IMoctanoBka u pemenue 3agauu. Paccmorpum ypaBHenue (1) co ciemyro MU

HaYyaJIbHBIMU YCIOBUSIMHU: U(O) =a. (3) ust aToro B ypaBHeHu# (1) cienaem moacTaHOBKY:

1
X = ut, y<X) = ;U (t), ,le =1.(4) B pesynsrare ypaHenue (1) mpuMeT caeaylOnmii BU:

(t+u(t))u(t) =q(ut)u(t)+ ur(ut), e{o,ﬂ}, u=p, 5 u(0) = ua. ()

Pemenue 3amaun (5)-(6) uiuem B Buje psima U (t) =U, (t) + pu, (t) + 1 u, (t) +.o0 (7)

rae ¢yakuuu Uy (t)=uk (t,ﬂ) U 3aBUCHUMOCTb OT MajoOro mapamerpa AL , /Ui IPOCTOThI HE
ykasbiBaeM. [loacrasisis (7) B (5), moirydum:

(t+ug (1) + gy (1) + 2 uy (1) + ) (ug (1) + 22y (1) + % ug (1) +..) =
= q(ut) (U (t)+ gy (t)+ 2 uy (1) + ) + per (wt),

(t+uy (1))up (1) =a(2t)uy (1), Uy (0) = w12, (70)

Ly (0 (0, (0)u4(0)+ (1 ()=, (0) = r(4t), (0) =0, 7

Lu, (t)=-u, (t)u;(t), u,(0)=0, (72) Ly, (t)== D u; (t)u; (t), u,(0)=0,7y)

i+k=n
i,k>1

Teneps permm 3amauy (71). Hero3mymmennoe auddepeninansaoe ypaaernwue (71):

(t +12, (t)) Z, (t) =-1, (t), umeer obwee pemenne Z,(t)=-t+\t?+C?,

rac C- MMpOnU3BOJIbHAA TOCTOSAHHAA. Metoaom Bapualuu NOCTOSAHHBIX Harpacha 6y,£[eM HCKaTb

pemenne 3agaqn (71), Toraa moyanm C(t) = 4 +I;(l+ q(u s))(—s +.Js? + ¢ (s))ds. 8)

OTcroma nMeeM

CnpasemiuBa, Teopema 1. Pemenue ypaBuenus (1) cymecTByer U €IMHCTBEHHA Ha OTPE3Ke

[l
{O,ﬂ} U CIpaBEUIMBA OLECHKA % ,uaﬁC(t)SZya. (9) Dra Teopema OKa3bIBACTCS
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WCIIOJb30BAHMEM IIPUHIIUIIA CHKUMAIOUMX OToOpakeHuil. DyHIaMEHTAIbHOE pelleHue

1
ypaBHenus LU, (t) =0 umeer Bun: &(t) = Ll//(t), e v (t) =exp {I;%ds}

t+Uu,(t)

Jlemma 1.‘®(t)‘ <l, Vt e[O, y‘l]. 3n1ecy U Janee MOCTOSHHYIO HE3aBUCUMYIO IEPEMEHHYIO

OT MaJIOTO ImapameTpa U 0003HAYUM qepe3 l.

Jlemma 2. Heognoponmnas 3amaya Lz (t) = g(t), Z(O)=0, e g(t) -HenpepbIBHAA

r
OIrpaHUYCHHAas (I)YHKI_II/ISI Ha OTPEC3KE |:O, ,Ui| HMCCT CAUHCTBCHHOC OI'PAHHYCHHOC PCIUICHHC,

U
T.€. ‘Z(t)‘SL VtE[O, ﬂ} . JloKa3aTenbCTBO OTO JIEMMBI CIHEAYeT U3  (OPMYIbI

2(t) = ——[ 'y (s)a (s) .

Tt (1)

Jlemma 3. 3agaua (7n) uMeeT €IMHCTBEHHOE OTPAHUYEHHOE pelleHre IS JII000T0 {o, y} , T.€.

un(t)\sl, VneN.

CnpasennuBa, Teopema 2. Psn (7) sBisieTcsl aCHMITOTHYECKAM DPSIIOM Ha OTpe3Ke [01 ﬂ},

e U004 0t ()4 Rl e R (6400, o]

Otcroma, cienyer, uyTo peeHne 3aaaun (3) mpeAcTaBiIsSeTCs] B BUIE aCHMIITOTHYECKOTO Psifia:

y(x)= %[uo (%j"‘ﬂul(%j +o.+u"u, (%}L,u "R (%H (10)

Takum oGpaszom, gokazana Teopema 3. ITycts 1) q(x), I’(X)eC(w) [0,1]; 2) q, =1;3)
a > 0 rorma pemenue 3amaun (1) ¢ yenosusmu (3) npencrasnsercs B Buze (10).
Ipumep. (X +é& y(x)) y'(x) +y(x)=Lu(0)=a=0. (11) Hmeer Ttounoe pemenne

y(x)= 1[—X * \/X2 +ea’ + ZSX}. 3nak + (-) coorBercTBYeT 3Hauenmio a >0 (a < 0).
£

1
Ecnu cnienats nocranosky X = ut, o y(ut)= —[—t i\/tz +ptal + Zyt] (12)
U

Pemenue 3amaun (11) umeet Bu y(x,g)=£ I e : utz _ it _+0(u) | (13)
J+ 2\/(t2+,u2a2)

s pemenus 3agaun (11) MOKHO Tak ke BOCIIOIB30BATHCS METOIOM YHU(POpMHU3AIUHA:

du
E—=-u(&)+1 u(1)=h,
d¢ Pemiast ypaBHeHuS nnﬁu(ﬁ)nonquM U(§) :g‘”-, a=a-1.

dx
§&= X(&)+eu(é).

[Moncraisist 3T0 ypaBHEHUE B x(§) AMEEM éx'(f) = X(gg) + 80!4:_1 +é, X(]-) =1. Orcrona

X(§) = (l+ % + gjf - %f’l —¢&. T.o., mapamerpuyeckoe pemeHue 3amaun (11) umeeT BU
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x (&) :%+1,

x(&) = [1+%+gj§—%§—l — e "

o E(b—l)
Ecmn  touke X =0 coorBerctByer TOuka 1§ TO 7L - = — T.o.

2
u(0)0 a - /2_a =a=h=1+ a_zg. Ucknouas u3 ypasuenus (14) mapamerp ¢
&
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